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I. INTRODUCTION

Previous investigators have studied the interactions of thin cylin-

ders in free space [1], and thin cylinders over perfectly conducting

ground [2] with an electromagnetic step plane wave. This study will

present in an approximate manner the interaction of a thin cylinder over

a finitely conducting ground with an electromagnetic step plane wave.

Analysis will be conducted using the Singularity Expansion Method (SEM).

Current induced by the incident field on the cylinder surface is

approximated by an axially directed filamentary current on the cylinder

axis. Boundary conditions are applied only to the axial component of the

incident electromagnetic field on the wire axis. The above “thin-wire ”

assumptions are valid provided the length of the cylinder is much greater

than its radius , and the cylinder is many radii away from the ground

plane [3].

The scattered field reflected from the ground plane is scaled by the

complex Fresnel refl ection coefficient for the appropriate angle of inci~-

dence and polarization involved. Since the Fresnel reflection coefficient

is strictly valid only for plane wave incidence , the scattered field must

approximate a plane wave at the free space-lossy ground interface. In a

study by Sarkar and Strait [4] it was shown that the above method , termed

“reflection method ” gave results in the real frequency domain within 10%

of the exact Somerfeld formulation for a horizontal electric dipole as

long as the dipole was at least (O.25x/V ~~) from the ground plane. Speed

of cornputatio-’ is an inherent advantage when using the reflection method

1

I

— 
_
_V i VV-

~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -  -

~~~~~~~
-

~~~~~ 
- 

--— - — . .~~~~~~~
—

~~~~~~~~~~~~
-- 

-



II. THEORY

Integro-Differential Equat ion

The system defined by Figure 1 is composed of a thin cylinder over

an imperfectly conducting ground plane and the incident electromagnetic

radiation. As shown , the cylinder is of length -e, radius a , and height i

above the ground- plane. The imperfectly conducting nonmagnetic , p =
ground plane is characterized by its conductivity a, and permittivity ,

C = C R C O . The incident plane wave is vertically polarized and propagate 3

at an angle a with respect to the normal .

Currents will be induced on the cylinder by the incident field and

by reflection of the incident field from the ground plane. These induce-i

~rrents will reradiate in the presence of the imperfectly conducting

ound producing a primary and secondary scattered field. Primary scat-

tered radiation is that part of the current induced field which propa-

gates directly from the scatterer surface t~ observation point. Secondary

scattered radiation reflects from the ground plane before reaching the o-

servation point , and therefore must be scaled by the complex Fresnel re-

flection coefficient for the appropriate angle of incidence and polariza-

tion involved . The total scattered field consist of the sum of the pri-

mary and scaled secondary parts.

The prima ry scattered electric field is related to the currents that

produced it through a magnetic vector potential and appropriate differen- 
. 

-

t ial operators . This relation may be written as

2
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= -~~s~~ + A~~)/5C~ (2.1)

= prima ry scattered electric field

2-~ e -y~r-r ’ f P
where = — - J~[R~G’~s) 

e 
j P  

ds ’ (2.2)

= prima ry magnetic vector potential

= surface current density

= 
~ 

+ 
~y 

-~~~~~ + 
~z fr = vector operator

= x ’ + y ’ + z ’ = source vector

= direct distance from source point to
observation point

s = a + j
~ = complex frequency variable

y = s /c , c = speed of light in free space.

Use of the complex frequency variable s in the above equations implies

that the Maxwell equations have been Laplace transformed.

Secondary scattered electric radiation may also be written in terms

of a magnetic vector potential as

-p0s~~ + v(v . ~~~)/s C
0 

(2.3)

secondary scattered electric fiel d

I: 
4

—
V.- -- - 

- - ., -~~~~ 

- 

- ~~~~~~~~~~ - - -  ~~~~~~~~~~~~~~~~ ~~~~~
- - 

~~~~~~~~~~~~ -~~~~~~~~~~~ - - 
~~~~~~~~~~~~~~~~~~~~~ ~~



5
2-i e ~~~~~~~ 1

S

where ~S = ~(i ’  ,s) p— ds ’ (2 .4)

= secondary magnetic vector po :ential

I F—i ’~~ = distance from source point to
ground plane to observation point.

All other terms in (2.3) and (2.4) have been previously defined.

With surface currents on the cylinder approximated by a z-directed

filamentary current on the cylinder axis , the primary and secondary mag-

netic vector potentials of (2.2) and (2.4) reduce to

-i P

A~ = I(z’,s) e dz ’ (2.5)

I
p = .

~

._J I(z’ ,s) e . (2.6)

Locate the observation point on the cylinde’-’ surface, then

= r~ = [(z-z’)2 + a2]½ (2.7)

and 
~~~~~~~~~~~~~~~~ 

= r~ = [(z—z ’)2 + (2h+a )2]½ . (2.8)

An expression for the primary scattered electric field in terms of the

unknown induced currents may be formed by substituting (2.5) into (2.1),

the resul t is

V E~ (z,s) = 
~~~ ~—~

) 
~~~f 

I(z’,s) e
1 
dz ’ . (2.9)

F
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A similar expression for secondary scattered electric radiation may be

formed by substituting (2.2) into (2.3) with the result

2 
1 -yr2

E5 (z,s) = (—p 0s+ -
~

— -
~
--2-

~ 
-

~

—-J

. 

I(z’ ,s) e r2 
dz ’ . (2.10)

As stated , the total scattered field consi5ts of the sum of the primary

and scaled secondary parts , that is

E~
0t(z,s) = E~(z,s) — R~E~(z,s)

£ -yr
= 

~~~~~~~~~~~~~~ 

__]_ i..~.) ~~J
I(z t

~s) 
e 

r
l’~~~~ 

(2.11)

- R~(-p 0s+ -~~ —~-) I(z’ ,s) e 
2 

dz ’

The complex Fresnel reflection coefficient for vertical polarization ,

i.e. (R~) is used in (2.11) to scale the z-directed secondary electric

fiel d, and is defined as

‘(CR
+X) sinip - [(~ +X) - cos ~p]2R~’ 

R 
(2.12)v 

(C
R

+X) sinip + [ (E
R
+X) - cos’~p]~

where X = l2 0~ra/y, y = s/c.

This expression utilizes Jordon ’s [5] definition of the plane wave

reflection coefficient for vertical polarization. As pointed out by a

previous inve;tigator [6], the minus sign -n (2.11) comes from Jordor1 ’s

assumed positive directions of electric fields for the inciden t and reflec-

ted waves [5]. Note that ~
p in (2.12) is the angle formed by the

I
[
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secondary scattered incident ray and the ground plane. It is a function

of source and field point position as depicted by Figure 2-1.

In Figur~ 2—2 is shown the vertically polarized total incident and

transmitted electromagnetic excitation. At the free-space lossy ground

interface the tangential components of the total incident field must

equal the tangential components of the transmitted field. This condition

is equivalent to requiring normal wave impedances to be continu ous at the

interface [7], thus

E
i 

E
t

-4 = = -4 at x = -h (2.13)
X

where

Z~ = x-directed wave impedance iii free space region

i i y (X sinO .+Z coso.)
E
~ 

= E0(s) sine s [e 1 1

-y(x sine. + z cose.) 2 14- r e  1 1 ]

= total z-directed incident el ectric f ield

—y (—x sine .+z cose .)
= E~ (S)/n 1 

[e 1 1

-y (x sine. + z cose .)
+ r e 1 1 

(2.15)

= total y-directed incident magnetic field

Z~ = x-directed wave impedance ii lossy region

I
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~ 
-
~ 

-y2 (-x sine
~

+z cose t )
E
~ 

= E0 (s) sin ot e (2.16)

= z-directed transmitted elec tric field

-y (—x sin e~+z cos et )
H~ = E~ (s) /n2 e 

2 (2.17)

= y-directed transmitted magnetic field

= intrinsic impedance of free space

= intrinsic impedance of conducting earth

= complex propagation number of conducting earth

and F is the reflection coefficient to be determined. Note that the total

incident field consists of the direct electromagnetic excitation plus its

reflection from the ground plane. The prir-cipa l of direction cosines has

been used in the development of (2.14) threugh (2.17). Substituting the

field expressions into (2.13) , and simplif~ing the result , gives

-y2hsina. ~~ sine . - T~ sinO
1 1 1 2 

~~~ (2 18)

~i 
sina i 

+ n2 s i ne~

Through the application of Snell ’ s law of refraction (2.18) may be written

—y2hsine (E R
+X) sine - [(ER

+X)_ cos2o]½
r = e  — 

2~~ -
(C R

+X) 51n0 + [(CR~
X)_cos 0 3 2

—y2hsino a
- 

= e  Rv . (2.19)

I

I
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Equation (2.19) differs from (2.12) only by the exponential factor and

angular dependence of Rv~ 
The total z.-directed incident electric field

may now be obtained by substitutin g (2.19) into (2.14) with the result

—y (—x sino+z cose) 
~E~~= E ~(s) sino [e

— y (2h sina+x sino+z cose)
e 3 . (2.20)

To insure uniqueness the total z—directed scattered electric field

must cancel the total z-directed incident electric field on the cylinder

axis , therefore

E~]:_ E~
0t(z ,s)j . (2.21 )

Evaluating th3 z—directed scattered and incident fields on the cylinder

axis rather trlan on the surface is an appropriate thin wire assumption.

Using (2.11) and (2.20) in (2.21) and applying the above discussed thin

wire assumption , (2.21) becomes

—yz cose e y(Z cose+2hsine)
E~(3) sinO [e — R

~ 
e 3

£ -yr
= (~0s— -

~
.1— 1—

~
-) 

~

_-

~
( I ( z ’,s) 

~r 
dz ’

- R~(p0s- ~~_ 1~~) 

~f I(z ’ ,s) e~~~
2 
dz ’ . (2.22)

Def i ne
-yr1

F~(z,z ’ ,s) = e = primary Gre€n ’s function (2.23)

1
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-yr2

F5 (z ,z ’ ,s) = e = secon dary Green ’s function (2.24)
2

where
r1 [(z-z ’ ) 2 + a2]½

r2 = [(z-z’)2 + (2h+a )2]½

an d s ince

~ —(-4ii c s) (i i ~s - .JL~) = 
~~~~~~~~ 

y2) . (2.25)
IT 0 o a z

the integro-differential equation to be solved for the unknown induced

curren ts is
-yz cose -y ( z  cose+2h sine)

(—4 1rE
0

S)  E~,(s) sinG [e — R~ e I

= (
~~~ 

- y 2 ) 
f 

I(z ’ ,s) F5 (z ,z’ ,s) dz ’

- R~ (
~~~ 

- y
2

) 
f 

I(z ’ ,s) R5 (z ,z’,s) dz ’ (2.26)

Application of the Method of Moments

The purpose of this section is to reduce the integro-di fferential

equation , (2.26), to a form suitable for numerical solution. The tech-

nique by which this may be accomplished is known as the method of mo-

ments [8].

Generall y, the method of moments may be used to solve an inhomoge-

neous equa tion

L(f) = g (2.27)

1’

ft
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where I is a l inear opera tor , g is known, and f is to be determined . The

unknown f i s expan ded in a ser ies of func tions as

f ~~~~~~~~ (2.28)

where the are called basis functions and the an are constants. Using

the linear ity of L and (2.28), (2.27) may be written

L(f~) = g . (2.2 9)

Next a set of testing functions is defined , w1, w2, w3 . . .,  and the inner

product of (2.29) with each formed, yielding

~~~~ c*n
<W

m 5 L(f~)> = <w~15g> . (2.30)

n = 1, 2, 3,

1 , 2, 3,

Equation (2.33) is a matrix equation which may be solved using standa rd

numerical techniques.

For the problem at hand , a geometric interpretation of the method

of moments may be forwarded . Let the thin wire be broken into segments ,

with the induced current on each segment assumed to be constant. See Fig-

ure 2-3. This is equivalent to expanding ~he current in a set of pulse

func tions as

I (z ’,s) =~~~~ an (s) I n (Z’) (2.31)

_ 1

1~

———----- --—— - - ‘—F- - — - -. )~~~~ ‘C , - -  .— — - 

— 
—- - 

- 
--



13

z

~~

O 

~~ 
1-- - . -- 1 ~ 

Z~~L

\ z 3 ~~ / ~n+J 
~~ ~

N-f1

/
• 

- \ /
\ /
\ /

(Ground Plane C , a)
- ~p \ 4  R

— “Thin Wire ”

I Subsection Ends

x Match Points

z~ = (m—l)~ (Match Points) m = 1 , 2, ...  N

z~ = (n-3/2)~ (Subsection Ends) n = 1 , 2, . ..  N+l

= £/(N-1) Length of Zones

N = Number of Subsections -,

Figure 2-3. Moment Method Partitioning of Geometry

L .

- 

-

F
_ _  

..

-—_ _

-- . - 
~~~~~~~ ~~~~~~,- ~~~~~~~~~~~~~~~~~~~~~~~~ . ~~~~~~~~~~~~~ - 

- 
~~~~~~~~~~~~~~~~~~



-~

14

where

a (s) = unknown coefficient of constant current

in the nth su bsection.
n+l1 for z < z < z

and I (z ’ )  = (2.32)
0 elsewhere n = 2, 3, . . .  N—i

At wire ends the bounda ry condition of zero current may be satisfied by

defining

1(o) = 1(1) = 0 . (2.33)

Actually, this condition is automatically met by allowing the two end

subsections to extend past the end of the scatterer. Using a pulse

function expansion of the unknown induced current allows the integration

in (2.26) to be approximated by a sum of ir~tegrations over N segments.

Thus,

—yZ cose -y(z cose+2h sine )
(—4-T C0s) E~(s) sine [e — R~ e I

n+1

i~~~~~~~~ a~.~(s)  
f 

(-
~
--.

~
- — y ) F~ (z ,z ’ ,s) dz ’ (2.34)

n+1

— R~ ~~~~~~~~ 
an (s)  — y2) FS (z ,z I ,s) dz ’

where

= £/(N-1) = length of a zone (2.35)

—.-—----- --— V. - ~~~~~~~~~~ — - ~~~~ ~~~~~~~~~~~~~~~~~~~~~~ -
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N = num ber of su bsecti ons or zon es

= (i-
~ 

- 3/2)~ n = 1 , 2, . . .  N+l

= subsection ends.

A set of testing functions may now be defined as

1 z=z
o(z-z ) = m (2.36)m 0 Z

~
Zm

where Zm 
= (m-l)i~ m = 1 , 2, ... N . (2.37)

Now by forming the inner product of (2.34) with each of the delta func-

tions of (2.3~), and approximating the differentiation in (2.34) by

finite differences , that is

d2F 1
2 [F(z+~z) - 2F (z )  + F(z-L~z) ]  (2.38)

dz (az)

the integro-differential equation becomes

-i —y Z ~~~ ~ 
y (z~ cose+2h sine )

(—4 ii c
0

s) E0(s) sine [e 
m 

— R
v e I

~
n+l

~ an ( s)  
~T�~ ~~[ J  

F~ (z~~1,z ’ ,s) — (y
2~2+2)FP(z~,zI ,s)

zn+1

+ F~ (z 1,z ’ ,s) dz ’] - R~ i: 
J 

FS (z~~1,z ,s)

~

-(y2~
2+2) F5(z m~Z’

~
5) + F5 (Z m l ~

z
~~

S) dz ’]}

n = 2 , 3, ... N-1

m 2, 3, ... N-i. (2.39)
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Equation (2.39) is a set of linear algebraic equations , and may be

placed in the form of a matrix equation ,

V(s) = i(s) T (s) ,  (2.40)

where a single bar represents a column matrix or vector and double bars

indicate a square matrix. Define the matrice s as

V(s) = the source vector

where

the matrix elements of ‘i(s)

—yZ cose -y(z cose+2h sine )
= (—47r c0s) E~(s) sine [e 

m 
— R~ e 

m 
]

(2.41)

m = 2 , 3, ... N- l

T(s) = the response vector = [in]

where

i,.~ = the matrix elements of T(s)

unknown coefficients of constant

current in the nth zone (2.42)

n 2 , 3, ... N— l ;

!(s) = the impedance matrix = [Zmn ]~

where Zmn = the matrix elements of Z(s)

H’ 
. 

_ IL:
-
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Zmn = ~~ 
{[f F~ (z~~1,z’,s) - (y2~

2+2) FP (Zm~Z ’
~ 5)

+ F~ (z 1,z ’ ,s) dz ’] - R~ [f FS(Z~~l,z
I ,s)

- (
2
~
2
+2) FS(z ,z’ ,s) + F5(~ 1,z’,s) dz’]}

(2.43)
m = 2 , 3, ... N_ l

The unwieldy appearance of (2.43) may be improved by defining two
func~.ions n-fl

H
~~n

(Zm~
S) =f F

~
(zm~z’

~
s) dz ’ (2.44)

~~~~~~~~ =f FS(z~,zI ,s) dz ’ (2.45)

— i[(z~
_z ’ ) 2 

+ a2j½
with F1’(z ,Z ’ ,S) = 

2 2~~ (2.46)m 
[(Z m

_ Z ’ )  + a

+ (2h~+~a) 2]½
FS (z ,z I ,s) = e 

[(z -z’)2 + (2h÷~~~j~ 
(2.47)

Now (2.43) may be redefined as

Zmn = i~ {H
~~n (Z m+1~~

5) - (Y2L
~
2+2)H

~~n
(z m ,s)

+ H
~~n

(z m 1 ~ s) - R~ [H
~~n

(Zm+l~
s) - (Y

2
~
2
+2)H

~~n
(z
m
,s)

+ H
~,n

(Zm_ lI5)]} ~ : ~: ~: ::: (2.48)
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Alternate Formulation for the Seconda~y Scattered Electric Field

As pointed out by Shumpert [9], an alternate formulation for the

secondary scattered electric field is derivable by using the exact

express-ion for the electric field produced by a constant current element.

Using (2.11) in (2.21) gives

—E~ = E~(z ,s) - R~E~ (z ,s) (2.49)

where E~ (z ,s) an d R~E~ (z ,s) are the primary and scaled secondary scattered

electric fields on the cylinder surface respectively, due to the unknown

induced current. Since the wire scatterer has been segmented as shown

in Figure 2—3 , and the current induced on each segment assumed constant ,

it follows th3t the secondary scattered electric field will be merely

the sum of the fields caused by each ind ividua l constant current element.

The exact electric field due to a constant current element has been given

by Harrington [7]. Applying the principl es discussed above , and using

Harrington ’s expression for a constant current element , the secondary

scattered electric field may be written

E~ (z ,s)  = —~--- ~~~~ c~ e
1 mn [(~~~~ + 

1
3 ) COS

2
’
~Pmn

n=2 rmn yrmn

+ .~(~
_1_ 

+ -_~~._ + 
_
~J.~_ )  

~~~~ 3 (2.50)
‘ mn rmn yrmn 

mn

- -‘V- ~~~~ 
- 

~~~~~~~~ ~~~~ ‘ V ~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -



I
19

where

z0 = (p~~/~~~)½ = l20~

= I/(N-l)

rmn = {(2h)2 +

~~~~ = (m_n)
~
/rmn

Slfl 1
~
)mn = 2h/rmn

m = 2 , 3, ... N-l

n = 2, 3, ... N-i

From (2.9) we hav e

E~(z ’ ,s) = 
4,~~2 

a~ ~~~

- (y2A2+2) H
~~n

(Zm~
5) + H

~,n
(Zm_i~s)]

m = 2, 3, ... N— l . (2.51 )

Using these expressions for the scattered fields in (2.49) the matrix

elements of (2.48) may be redefined as

Zm n  = -i~ [H
~~n

(Zn+i~
5) - (y2~

2+2) H~~~(z~~s)

+ H~~~(z~..1~s)] - R~2~’i e~~
rmn [(

~~~~~~~~

V + 1
3 

) cos24~mnrmn ~~~

+ .~(_L_ + + 1
3 ) 

~~~ ‘mn 1 (2.52)
mn rmn yrmn

m = 2, 3, ... N— l
n = 2, 3, ... N-l .

-V.- -V -~
w-
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The obvious utility of the alternate expression for Zmn is that an inte-

gration has been replaced by an algebraic expression , and thus numerical

evaluation tine reduced.

Application of the Singular ity Expansion Method

The Singularity Expansion Method (SEM) formalized by Baum [10-11],

and appl i ed by many others, allows one to treat a distributed system ,

such as the one at hand , in a manner similar to that used in classical

circuit theory. In circuit theory the time domain response of a linea r

circuit excited by an arbitrary waveform may be determined by knowl edge

of the location of any singularities of the response function as well as

the corresponding residues [1]. In the case of a distributed system

there are an infinite number of singularities , and associated with each

is a natural modal current distr ibut i~n. For any arbitrary excitation ,

i.e., incident electromagnetic radiation , one need only determine how

much of each natural modal current has been excited [12]. This is deter--

mined by the coupling coefficient associated with the given singularity.

The solution of (2.40) is

T(s) = ~~1 (~) V (s) = 7(s) V(s) (2.53)

V(s) = the inverse of the system

impedance matrix

= 

~ mn 1

where

3’mn = the matrix elements of V(s).

I
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Elements of the inverse matrix may be written

I (_l)m+n ~ (s)

~mn = nm (2.54)

where is a minor determinant of Z(s) formed by deleting the nth

I 
row and the mth column , and a(s) is the determinant of Z(s). Examinatio n

of (2.54) indicates that the poles of the response function I(s), are

the zeros of ~x(s). The poles have been termed the system natura l reso-

nant frequencies. Now writing the unknown current in a partial fraction

expansion , one obtains

I 
T(s) = Y(s) V(s) = 

~~~ (s
1
~J V(s) - (2.55)

In (2.55) s~ is the ~th natural resonant frequency and the correspond--

ing residue , defined as

u r n  [(s_s
i ) Y(s)] . (2.56)

1 s+si

I Using the circuit theory analogy , certain information about ~‘e system

natura l resonant frequencies may be inferred. First , the rnces

must occur in the left-hand portion of the complex plane to sure a

decaying response. The poles must occur in conjugate pairs to produce a

real time domain current , and since the scatterer has a finite quality

I factor, no poles may reside on the jw axis. Furthermore , it is assumed ,

but without p ’oof, that the poles are all simple [1]. This has been

found to be tie case in many exactly solvable geometries.

I The system residue matrix at the pole S=Sa~ 
V”, has been shown to

I  

- ----~~~~~~~~~~~~~~~~ -~~~~-— ~~~~~~~~~~
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be a dyadic [13], [14]; tha t is , it is proportional to the outer product

of two n dimensional vectors

= (2.~7)

where

= natural mode vector

= transpose of coupling vector

and

Ba proportionality constant.

The natural mode vector is a solution to the equa tion

7( s ) 
~
-
~a 

= U (2 58)

and the coupling vector satisfies the equatio n

7t(S
a
) 

~a 
= (2.59)

where

~
t
(5 a ) = transpose of Z(s -

In this problem the system impedance matrix is symmetric , that is

~
Vt
(sct) = (2.60)

so the natural mode vector and the coupling vector are identical ,

~ =
~~ (2. 61)a a

and therefore, (2.57) may be written

(2.62)

i

- - - 

~~~~~~~~~~~

——-— - _____ 
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where

= transpose of “a

Let the natura l mode vector be normalized such that its maximum el€~n ent

is real and equal to unity ,

= ~~~ normalized . (2.63)a a

Now the residue matrix becomes

(2.64)
a

Note that the proportionality constant B is not the same as in (2.62),

but no confusion should result since it has not yet been defined .

Several methods are available for calc ilating the proportionali ty

constant B .  The method presented here is simple and requires a minimum

of computation time. From (2.64) it is evUent that

= Ba ““a~j~o ~~“c~ j~o

= Ba ~~~~~~~ 
(2.65)

where

= an element from the ~th ~, and ~
th

column of the system residue matrix

evaluated at the singularity S

= an element from the ~th row of the

natura l mode vector corresponding to

the singularity 5a

— -pr -—- -~ ~~~~ ~~~~ 
_—
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and therefore ,

ty
__

.~-i
B = 

a 
. (2.66)a ,{t v  ) . }

a l

The ~
th element of the system residue matrix at the pole s may be

found using (2.54) and (2.56)

= 

~~~~

(s-s )(~l)
1+3 A . .(s

= lim a 
A(s) 

‘~~ (2.67)
a

so that finally,

(s—s )(— l)’~~ A . .(s )
B = lim a 

2 
11 a 

. (2.68)a S—’-S {(v )1 } A(s)

Expressing the residue matri x as in (2.64) 3llows one to write the re-

sponse vector of (2.55) in the form

I ( s )  =~~~ B v v t 
(~~~~~~~~~~

V

) 
(2.69)

or equiva l ently as

I ( s )  =
~~~~ 

B l o t ~~~~ (2 .7 0)

since by (2.61)

= = normalized coupling v~ctora
0

V V~~~
_ 

—‘V-—I- 
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In (2.70) the scalar product of the normalized coupling vector C~ , and

the incident field vector V(s) occurs , mu ’ -ipl ied by the proportionality

constant Ba~ 
This quantity has been definud by Baum [14], as the cou-

pling coefficient C at the singularity s=s , so

Ba [V 0(sfl . (2.71)

As stated , the coupling coefficient determi nes how much of each natura l

modal current distribution , (i.e. natura l node vector) will be used in

calculating tue response vector I(s). It is a function of the incident

angle 0, grouid parameters , (conductivity ~~, and permittivity , C
R

C
O

) and

the particular singulari ty at which it is calculated. The response

vector may no.~i be written in terms of the coupling coefficient as

i ( s) =
~~~ ~~~ 

. (2.72)

Consideration of (2.72) will show that the complex natural frequencies ,

and natura l m d e  vectors are not a function of the angle of incidence of

the electrom agnetic excitation , only the coupling coefficient. Therefore ,

once these quantities have been determined for a particular geoa~etry the

response function for any incident field i~; easily found.

Time domain currents may be found by using the Laplace inversion

formula , thus
stc v  e

1(t) = f ds (2.73)

where Ch is tie Brornwich contour.
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Approximations and Limitations Imposed

The validity of any analysis is a function of the approximations

used in its construction . This section wi fl discuss the l imitations

imposed by the approximations used in this analysis.

The assumptions and approximations are as follows :

a) Current is assumed to flow only in the direction of the wire

axis.

b) Boundary conditions are applied only to the axial component of

the electromagnetic field.

c) The surface current density is approximated by a filament of

current on the wire axis.

d) End caps on the cylinder are ignored .

e) The moment method is an approximate numerical solution.

f) The reflection method is an approximate technique.

For a finite l ength cylinder the axially directed incident field

excites both an axially and circumferentia lly directly current [15-18].

Howev er , the axial component of the current is much more significant than

the circumferential component provid ed the length of the cylinder is much

greater than its radius. Therefore, the first two approximations are

valid for thin cylinders. Replacing the surface currents with filamentary

currents on the wire axis is valid provided the circumferential variati on

of the surface currents is uniform [3]. This will be the case if the

cylinder is thin and located many radii away from the ground plane. The

scattered field contributed by currents induced on the ends of the cylin-

der will be regligibl e provided the cross-sectional area of the cyl i nder

4 1~
.

____ - - _ _ _ _ _
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is small , a<<~. In applying the moment method , the number of zones into

which the scatterer is divided must be increased as the frequency of

analysis incr~ases. For an acceptable solition , ten zones per half wave--

length may be used. Thus , one may conclude that this analysis is not

applicable for high frequencies .

The term “ground wave” applies to energy propagated over paths near

the earth’s surface [5]. It is convenient to divide the ground wave

into a “space wave” an d “ surface wave ” . The space wave is made up of

direct and ground-reflected energy . The surface wave is that energy

which is guidt3d along the earth’ s sur face, in much the same manner as an

electromagnetic wave is guided by a transmission line.

Sommerfeld [19], was the first to treat radiation from a vertical

dipole over a finitely conducting earth. In this origi nal discussion ,

Sommerfel d st3ted that it was possible to divide the ground wave strength

into two parts, a space wave and a surface wave. Norton [20], later

expressed the fields for an electric dipol E above a finitely conducting

earth in a fo~m which clearly showed this separation into space and sur-

face waves. As pointed out by Jordon [5], when the dipole is located fat-’

from the earth the space wave becomes the total ground wave. But as the

dipole nears the earth additional terms must be taken into account in

order to form the total reflected field. These terms are the ones which

accoun t for the sur face wave.

A comparative numerical study of several methods for analyzing a

vertical thin wire antenna over a finitely conducting ground plane was

done in a dissertation by Jerry McCannon [21]. In this work he

4- -- -~~~~~ — — -~~— ----- V. — - -V.- - — - - —- ?~~7 
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reflection method was found to give answers within 1 to 2 percent of the

exact solution when the height of the dipol e was greater than 3)8 x.

As statec~ in the introduction , it was found that the reflection

method for the horizonta l dipole produced results within 10~ of the exact

Sommerfeld formulation if

h > (0.25/v’~~)x (2.73)

where

h = height of the dipole above ground

CR = relative permittivity of ground

A = free space wavelength.

For an average relative permitt ivity of 15 the dipole must be located

at a height greater than h = .065x.

In short . the reflection method used in this analysis gives good

results provided the scatterer is not brought into close proximity of the

ground plane.

I

i
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III. Numerical Results

A comput-3r code has been written to determine specific SEM para-

meters (i.e., the system resonances and corresponding natura l modal

current distributions). These parameters are a function of scatterer

height—to-length ratio , length-to-radius ratio , ground conductivity and

relative permittivity .

Before presenting the results of this work , a brief review of two

other closely related problems is in order.

Tesche [1] treated the case of a cyl i ndrical scatterer in free

space. The exterior natural resonances of this problem occur in l ayers

in the complex plane and may be described by 
~~~~ 

where “-i” denotes the

l ayer of the oole and ‘ n ’ the pole within the l ayer. These free space

resonance s ar~ repeated in Figure 3— 1. Singularities located with an

“x” have natura l modal current distributio n s which are even functions

about the sca tterer midpoint; those located with a dot have odd moda l

distributions. Note that the imaginary part , a/c, of the singularities

in the first layer occurs at approximately an integer multiple of ~r , or

at a point where the length of the cylinder is resonant (i.e., £=nX/2).

First layer resonances are of greatest importance in calculating induced

currents since their position in the complex plane is nearest the imagi-

nary axis. In the free space problem pole locations are a function only

of cylinder length-to-radius ratio. As the radius of the structure is

Increase d , the poles move away from the imdginary axis indicating that

29
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more damping is introduced. A commonly used shape parameter is defined

by

= 2ln (s/a) (3.1)

All the figures in this work are for a shape parameter of 10.6 (c/a=200).

The problem of a thin cylinder over a perfectly conducting ground

plane has been treated by Shumpert [9]. Singularities in this problem

are a function of scatterer height-to-len gth ratio as well as length-to-

radius ratio. When the cylinder is hal f its length above the perfectly

conducting ground plane , the poles will be oriented as shown in Figure 3-2.

Comparison of this figure with Figure 3-1 indicates that the critical

resonances , those along the imaginary axis , are only slightly displaced

from their free space counterpart. Figure 3-3 displays the movement

of singularity y-~~ as the scatterer recedes from the ground plane. As

shown , this cole spirals about the free space location until a pole from

another layer takes its place. That is , tie original pole , y11 , leaves

the spiral path and begins to approach the origin while the new pole

takes up the spiral trajectory left by the original pole. This pole

makes only a partial revol ution about the free space location before it,

too, is replaced by a new pole. It is interesting to note that each of

these singul arities have similar modal current distributions. First

layer singul arities are associated with the length of the scatterer, as

in the free space case. Singularities in the other layers have been

associated with scatterer-ground plane interactions .

Let us now consider the problem of a thin cylinder over a finitely

— ~~~~~~~~~~~~~~ — — 
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— 
~
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conducting ground plane. Figure 3-4 shows the movement of singularity

in the complex plane as severa l system parameters are varied. The

outer dashed spira l through the points lab~led “A” is the trajectory

of pole 
~1l as the scatterer is brought near the ground plane; the con-

ductivity is held constant at a = 1. 2 x io2 along this curve. A

conductivity of this value corresponds to a very good earth , that is , -

the ground plane may be considered perfectly conducting. Therefore ,

this spiral is seen to be identical with the trajectory of 
~
‘11 presented

in Figure 3-3. For each value of h/-a, the conductivity is varied from

a = 1.2 x 102, point “A” on the dashed curve , to a = 1.2 x l0~~, point

“G” , intermediate values are shown at points B” through “F” . The value

a = 1.2 x l0~ and a = 1.2 x lO
_ 2 

at point~; “E” and “F” respectively

correspond to typical values of conductivity for normal terrain. Let

the paths traversed by the pole for a given value of h/IL be called

the inner spirals. It is seen that each inner spiral , corresponding

to a given va l ue of h/-C, converges to point “G” as the conductivity of

the ground is reduced , this result is to be expected since “G” is the

location of for free space conditions. When the pole is displaced

from position “G” along one of the in -~er spirals more energy is being

reflected from the ground plane. - As a becomes very large , points “A” ,

all the incident energy is reflected , and the problem becomes that of a

cylindrical scatterer over a perfectly conducting ground plane. Figure

3-5 is also a plot of 
~l 1 as the value of h/IL and a vary , the relative

permittivity is held at five. Unlike Figure 3-4, point “G” is not the

4 same in the limiting case of small a, but rather each inner spiral

- - -

~
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converges to some point along an inner dashed spiral. Although the

conductivit y becomes small , the ground plane is still somewhat reflec-

tive since t~e relative permittivity is held at five. Next consider

Figures 3-6 and 3-7 where the relative pernittivity is held at fifteen

and one hundred , respectively. Again , as the conductivity is reduced ,

the paths followed by the singularity for a given value of h/-C converges

to an inner spiral. The points along these inner spirals are displaced

from the free space pole position in proportion to the relative permit-

tivity of the ground.

Some insight into the behavior of the system singularities may be

obtained by considering their origin. As stated , the singularities in

the complex plane are the zeros of the determinant of the system imped-

ance matrix. Therefore, as the impedance elements vary so will the

position of a given pole. The impedance elements for this problem may

be expressed as

z = z  - R ’~
’z1 32m r mn v m n

where

fZmr~ 
= matrix elements of the free space problem

Z
~r = matrix elements due to image terms in the

perfect ground pro b lem

and

(CR
+X ) sin~ - [ (c

R~
4 X )  - cos 2

*)½
R’~~= 1 (3.3) - 

-V 
(E~+X) s in~i + {(CR+X) - cos ~~ 
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CR = relative permittivity of earth

X 120-,ia/y, a = conductivity of earth.

From (3.2) it is apparent that when the reflection coefficient is very

small the impedance elements will be the elements of the free space

problem , and thus the singularity locations will be those of Figure 3-1.

This condition will be met when the relati ie permittivity of the earth

is unity and the term “X” in (3.3) is much less than one . When the

Fresnel reflection coefficient is near unity the impedance elements will

be those of the perfect ground case , and tie singularity locations will

be those of Figure 3-2. This occurs when either the term “X” or the

relative permittivity of the earth is larg-? . Note that the size of the

term “X” is croportional to the conductivity of the earth and inversely

proportional to the frequency of the particular singularity under

consideration. Thus for higher order poles the ground conductivity

must be larger to produce a perfectly cond~icting earth than for l ower

order poles. In short , displacement of a 3ingularity from its free

space position is a function of the magnit ide of discontinuity in the

ground plane whether it be produced by the conductivity or relative

permitti vi ty.

Trajectories of first layer singularitie s 
~i~~’ ~13~ ~l4’ 

and

are presented in Figures 3-8 through 3-15. As the system parameters vary,

these singularities behave similarly to the fundamental resonance dis— - -

cusse d a bove.

Figures 3-16 through 3-26 were constructed in order to determine the

percent chançie in the fundamental damping r.onstant, 
~ e~ll~ ’ 

rela tive to 
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the free space damping constant , (R e’~o )
~ 

and the percent change in the

fundamental resonant frequency , (im- (11 ), relative to the free space

resonant frequency , (Imy 0 ). This data , t a f tn  frc.~ the t ra jectories of

Figures 3-4 through 3- 11 is presented as a function of cond~ic t iv ty w i t h

the relative permittivity and height of th E- scatterer above the ground

plane as parameters. Note tha t a lthough the percent chan ge in damping

constant ccn ~e quite arge , the reso nant freque ncy changes no more than

±5%. This result supports the proposit io n that f i r s t  layer resonances

are associated with the scatte rer i tself  not the scatt erer- g round plane

interactions.

The real and imaginary part of the natural modal current distribu-

tions for rescnant frequencies -y 11 , ~12’ ~
‘:3’ ~14 

and -y
15 

are shown in

Figures 3-24 and 3-25. These dist i’ibut ions are , of course , in f lue nced

by ground characteristics and scatterer he i~ Lt-to-length ratio , but

numerical res i- lts show that these influences are relat ively minor. One

should also o~serve that the imaginary part of the mode vectors is at

least an order of magnitude less than the real part indicating that the

mode function is approximately a real func :ion of posit ion.

Coupl i ng coefficients associated with singulariti es 
~11 , 

y12, and

are shown in Figures 3-26 through 3-90. in each of these fi gures , the

coupling coefficient , normalized such that its maximum magni tude is equal

to unity , is plotted as function of the angle of incidence of the electro-

magnetic excitation , ie (the angle 0 shown in Figure 2-1). In addition ,

the curves are presented with either scatterer height -to-length ratio , or 
- 

-

ground conduclivity , or ground relati ve permittivity as a parameter.
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Figures 3-26 to 3-31 present coupling coefficients for fundamenta l

self-resonant singularity 
~l -1 at scatterer height -to-length ratios of

0.25, 0.50, 0.75, 1.0, 1.25 , and 1.50 respectively. In each of these

figures , the rel-’tive permittivit y , CR. is held at unity , while the

curves in a given figure correspond to ground conductivities of c=l2O. O,

a=0.l2, and a 0.000l2. When a 0.000l 2 and CR l.O , the coupling coef-

ficient remains the same regardless of the scatterer height-to-length

ratio; an expected result since the ground plane has vanished and “free

space” conditions prevail. For the “free space ” case , the coupling

coefficient has its maximum value at broadside incidence , ie (e=90°),

a result which agrees with previous investigation [1]. One observes

that the coupling coefficient does not differ greatly from the “free

space ” case , Figures 3—26 and 3-27 , even when the ground conductivit y

is high , a !20 .0 , as long as the scatterer is within approximately 1/4

wavelength of the ground plane. In Figures 3-28 through 3-31 , the

coupling co’?fficients for a 0.l2 and 120.0 begin to differ significant y

from the free space case. With a height —to- length ratio o~ 0.75 and

a l20.0, see Figure 3-28, maximum coupling occurs at 75°, and for a

height-to-length ratio of 1.00 and a l20.0, see Figure 3-29, maximum

coupling oc :urs at 45°. Now when a 120.O and the scatterer height -to-

l ength ratio is 1.25 and 1.50 in Figures 3-30 and 3-31 respectively,

the couplin g coefficient again maximizes at 0=90°.

One might logically ask , for a fixed scatterer geometry and ground

parame ters , what angle of incidence will produce maximum coupling?

i t i
~

I
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First consider the simple case of a time harmonic plane wave obliquely

incident on a perfectly conducting half-space. If the normal to the

half-space is in the x-direction , and if the incident electric vector

is parallel to the plane of incidence , (vertical polarization), then

the sum of the incident and reflected waves will produce a standing

wave in the x-direction whose electric vector is parallel to the

perfectly conducting ground plane. Defining a as the angle formed by

the incident ray and the ground plane , the magnitude of this standing

wave will be proportional to sin[~x sina] sin~, ~-.‘here ~ 
= -

~~~~
-, the

free—space ~iavelength , and x is the perpendicular distance from the

ground plane. Now let us immerse a ‘thin—wire ” in this standing wave

with its axis parallel to the electric field at a fixed number of

free—space wavel engths above the ground plane. What incident angle a

will produce a maximum standi eg wave at the position of the thin wire?

It will occur at the angle a that maximi jes sin [fx sina] sin :~, which

occurs when either cos r~ O or tan[ fx Si fla] + E-x Si fl z 0.

Returning to the scatterer-ground plane problem with the above

discussion in mind , wil l  afford some interesting results . Table 3-1

predicts the angle 0 that results in max imum coupling for a given

scatterer height when the ground plane is nearly perfectly conducting,

(a 120.0). For Figures 3-26 and 3-27 where the scatterer is 0.11 and

0.22 wavelengths above the ground plane , the table predicts maximum

coupl i ng to occur at broadside incidence From Figure 3-23 , maximum

coupling occurs at e=75°; for this case ~.he tabl e predicts a value

between 73.0° and 73.5°. The difference in the predicted value and

- -~~~~~ —*----- -- --- -- 7- -. -
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the value in the figure is probably due to numerical evaluation of the

coupling coefficient at 5° intervals. Usirg the standing wave analog y ,

see Table -l , one would expect the coup ing coefficient to maximize

for 42.0°<e<42.5° in Figure 3-29. In the figure , the maximum occurs

at 4~°• Figure 3-30 indicates peak coupling at 0=90°, a value which

is predicted by the table. Although the table also predicts a maximu m

at approximately 33°, as can be seen from Fig re 3-30, there is a

relative extrema in the magnitude of the coupl i ng coefficient at this

angle. Generally, the discussion applicable to Figure 3-30 applies as

well to Figure 3-31 .

Figures 3-32 and 3-33 display the angular variation in the real

and imag ir’~ry part of the coupling coefficient for the fundamental

resonance with the scatterer height-to-length ratio as a parameter.

For these figures , the conductivity is large , a=l20.0, and the relati ’.e

permittivi ty is one , CR=l .O. Note that although the information

contained in these figures is redundant , (see Figures 3-26 through 3-1 ),

there inclusion provides ready visualization of the variation in coupling

coefficient with scatterer height—to-length ratio.

Figures 3-34 through 3-42 show variation in the coupling coefficient

for with the relative permittivity as a parameter.

In Figures 3-34, 3-35 and 3-36, the scatterer height -to-length ra t io

is held at 0.25, while the conductivity ~ is respectively 120.0, 0.12.

and 0.00012. In each of these figures , the coupling coefficient , (reel

and imaginary part), is plotted for a ground relative permittivity , C F_, ,

L
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of 1.0, 15.0, and 100.0. As can be seen from Figure 3-34, when the

ground conductivity is large , cy~l20.O , there is no variation in the

coupling ccefficient as the ground permittivity is varied . This

result can be explained as follows . As previously discussed , the

singularity location relative to its free space position is a function

of the discontinuity at the free space-lossy ground plane interface.

Although the ground relative permittivit y for conditions depicted in

Figure 3-34 varies greatly, the conductivity remains large , producing

a large discontinuity in the ground plane. Thus , the position of

in the complex plane will be constant. Since the coupling coefficient

is strongly dependant on singularity location , (see Equation 2.71), it

too will be constant. In Figure 3-35, the conductivity a is 0.12.

Since this is still a relatively large value of conductivity only a

slight var -ation in the coupling coefficient is produced by vary i ng

the relative permittivity . In Figure 3-36 , the greatest variation in

the coupl i ng coefficient with relative permittivity is observed . The

conductivity for this case is essentially zero and , therefore , the

discontinuity in the lossy ground-free space interface is controlled

by the relative permittivity .

Figures 3-37 through 3—39 and Figures 3-40 through 3-42 contain

plots of the variation in coupl i ng coefficient with relative permit-

tivity for scatterer height -to-length ratios of 0.75 and 1.25 respec-

tively. T ’—ie interpretation of these figures is similar to tha t given

for Figures 3-34 through 3-36.
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The coupling coefficients associated with the second self-resonant

singularity , 
~12~ 

are shown in Figures 3—43 throug h 3-66.

The co-ipling coefficients corresponding to the second seif-resona it

singularity locations “A” , “D” , “G” of Figure 3-8 are shown in Figures

3—43 to 3-47. Table 3-2 predicts possible angles of maximum coupling

for these figures using the “standing wave analogy ” . From the first

row in the table , it is seen that there is no angle e between 0 and 90

degrees that satisfies the equation TAN[~hSH-~a] + ~hS1No=O. The reasort

for this is tha t 0 < ~hSINe < 1.38 for 0° < o <90° and thur TANI5hSINO ]

will be positive. However , as always , a relative extrema is predicted

at 0=90 °, an expected result considering the fact that all the coupling

coefficients are even functions about 0=90°. That is , one would expect

the same amount of coupling at say 0=95° as at e=85°. From Figures

3-44 and 3-45 maximum coupling occurs at 50 and 35 degrees respective li,

values that are predicted reasonably well by Table 3-2. Using the

“stand i ng wave analogy ” one would expect peak coup ling to occur for an

incident an-jle of approximately 22 or 67 degrees for the coupling

coefficient in Figure 3-46. From the figure peak coupling occurs at

65° , with a relative extrema in the magnitude of the coupling coefficient

occuring at approximately 22 degrees. Results from the last row of th~
table agree reasonably well with the corresponding figure .

Variations in the real and imaginary part of the coupling coefficient

for the second self—resonant singularity, y12, as a function of spacing,

h/i, are shown in Figures 3-48 through 3-51 . In each of these figures ,

the relative permitti vity is one. The conductivi ty in Figures 3-48 ani

I 
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3—49 is large , a=120.0, while for Figures 3—50 and 3—51 the conductivity

is 0.12.

Figures 3-52 through 3-66 are plots of the coupling coefficients

for singularity -y 12 with the relative permittivity of the ground plane

as a parameter. Coupling coefficients in these figures are for

singularity positions “A” , “D” , and “G” in Figure 3-8, and positions

“A” , “D” , and “F” in Figure 3-9. As before , when the ground conductivity

is large , the coupl i ng coefficient is insensitive to changes in the

relative pernîittivity (see Figures 3-52, 3-55, 3-58, 3-61 , and 3-64).

The largest variation in the coupling coefficient with relative permit-

tivity is noticed in Figure 3-54, 3-57, 3-60, 3-63, and 3-66, a result

indicative of the large difference in position of points “G” and “F” in

T 
Figures 3-8 and 3-9.

In Figures 3-67 through 3-90 are presented the coupling coefficient

for the third self—resonant singularit y , y13.
Figures 3-67 through 3—71 present the angular variation in the

coupling coefficient for singularity positions “A” , “0” , and “G” in

Figure 3—10. Table 3-3 predicts pos sible angles of maximum coupling

for these fi gures using the “standing wave analogy ” . From Figures 3-6~
and 3—68 maximum coupling for pt~rfect grcund (ci=l20.0) occurs at 45

degrees and as always , a relative extrema in the magnitude of the

coupling coefficient occurs at 90 degrees. Of course , the extrema at

90° is predicted by Table 3-3 , the maxim cm at 45°, however , is not s ince

s hS INe < ii/2 when h/L < 0.2. It is also interesting to note that unl i ke

the corresponding figures for 
~l2 

and 
~l3 

in Figures 3-67 and 3-68 the

- - ~~~~~~~~~~~~ - - - - - 
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coupling coefficient for a 0.12 (real and imaginary part) corresponds

more closely to the “free space” coefficient than to the “perfect

ground ” couoling coefficient. This result can be explained by noting

that for higher order poles the ground conductivity must be larger

to produce a perfectly conducting earth than for l ower order poles.

Nex t, consider Figure 3-69, for the high conductivity case maximum

coupling occurs at e=40 degrees ; using the “standing wave analogy ”

one would expect pea k coupling to occur at approximately 50 degrees.

The mechanism for this error is not known . For Figures 3-70 and

3-71 Tabl e 3-3 again predicts relatively accurately the angle of

maximum coupling.

Figures 3-72 through 3-75 show variation in the real and imag inary

part of the coupl i ng coefficient for the third self-resonant singularity

with the scatterer height -to-length ratio as a parameter. In Figures

3-72 and 3-73 the conductivity is 120.0 and the relative permittivity

is one. Ir. Figures 3-74 and 3-75, the conductivity is 0.12 and the

relative permittivity is one.

Figures 3-76 to 3-90 show variation in the coupling coefficient

for y 1 -~ with the relative permittivity as a parameter. In each of these

figures , the conductivity and scatterer height-to-length ratio are

hel d constant. Explanation of the behavior of the coupling coefficierts

in these figures is similar to that given for Figures 3-34 through 3-~2.

For the wire scatterer in free space , the coupling coefficient fc-r

the third singularity at an incident angle of 70 degrees was shown by

Tesche [1] to be zero. Note from Figures 3-67 through 3-90 that a nul

I

I

-

~ 
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in the coupling coefficient occurs at 70° independant of the ground

parameter and scatterer height -to-length ratio.
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IV. Conclusions

The Singularity Expansion Metho d (SEM) coupled wi th the refle-:tion

coefficient approximation seems to be an appropriate tech nique for ana-

lyzing a cylindrical scatterer over a finitely conducting ground. Pole

locations of the cylinder over perfect ground calculated by investigators

were found to be identical to those calculated in this analysis when t he

ground conductivity is large. Also , when the ground conductivity is

reduced t-nth the relative permittivity held at unity , calculated pole

locations agree with those of the free space problem . These facts add

credence to the reflection coeff icient tec hnique. In general , it is

found that displacement of the singularities from the ir free space posi-

tion is a function of discontinuity in the ground pla~ie . The mechanism

for discontinuity is seen to be so me~-ihat immater ial. Mode vectors

corresponding to first layer singularities show little or no dependence

on the parameters of the problem.

The greatest value of this work lies ~n the fact that a relatively

complicated problem has been solved within acceptable engineering -~ccu-

racy over a t’~ide range of p- rameters.
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I
Table 3—1. Predicted angle of inciden ce for riaxinium coupling using the

“standin g wave analogy. ” The table applies to Figure 3-26
through 3—31 for large couduct ivity , (~~~ 

= 120.0), and uni ty
permittivity , (~~~

-, = 1.0)
I

FIGURE hR I (
~

- ll ) = -
~

-
~
-
~~ ~h = -?-~~~ i- cos e=O

3- 26 0.25 2.850 0.713 90° NO S0LUTI 0~

3-27 0.50 2.775 1.388 90° NO SOLUTIO N

3—28 0.75 2.825 2.119 90° 73.0°<a<73 .5°

3—29 1.00 3.025 3.025 90° 42.0°<a<42 .5~

3—30 1.25 2.975 3.719 90° 33~Q0<~<33~50

3-31 1 .50 2.850 4.275 90° 28.0c <;<28.50
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Figure 3-47. Couplin c coefficient for second self-resona nt singularity , 
~‘2’

as a function of conductivity , a, anc incident angle a . The
scatterer height—to—length ratio , h/5 , is 1.0 , and the relative
permitt ivity , C R ,  is unity
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Table 3—2 . Predicted angle of incidence for - :axi:~um coupling usin g the
“stand ing wave  analogy .” The table applies to Fiqar~ 3--~
through 3-47 for lar ge conducti vit ” , (: = 12-0.0), and unity
perm ittivity , (C R 

= 1.0)

I FIGURE hR. Im (y 12 ) = ~h 
= -~~-~~~~~ cos~=0 

tan [ h sin’]

3-43 0.2 5.800 1 .38 900 NO S0a3TI0~

3-44 0.4 5.825 2.70 90° 48.5°<a<42.0°

3-45 0.6 6 .025 3.90 90° 3l.0°<a<3 1 5°

3-46 0.8 5.900 5.3° 90°

3-47 1.0 5.900 6.66 90~ ~~~ L <
~~ ~
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I Figure 3-48. Real part of coup lin-] coefficient for second self-recon: nt singu-
larity , 

~12 ’ 
as a function of scatterer hci ght— to -lei -ctn ratio , h, a ,

and incident angle e. The ground corduct ivity , a , is 120.0, and
the relative perniittivity , C R~ 

is unity -
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Figure 3- 49. Imaginar ’ part of coepl ing coef f ic ie n : for second ~e l f- ros :- ront
s ingular ty , 12’ as a f u n c t i o n  of sc it tere r  hei ght—to- length rat iD ,
hR., and incident angle S .  The groor conduct iv i ty , ~~~, is 120.0 ,
and the ‘elat ive per;i-~ittiv ity, 

~~~~~ , i~ unity
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- Figure 3-50. Real par- : of coupling coef f ic ont fc r  second se 1f - resr ’~a ’ t  s i rgu —
- larity , 

~12’ 
as a function of scat ter ? r  height—to —leng t h rat io , h/ a ,

and incident angle e. The ground conductivity , ~~~, is 0.12, and
the relative perrn itt ivity , CR, i s unity
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Fi gure 3-51. Imag ina r’ part of coupling coeffi cier : r r  second se l f - reso nan t
sin gulat- ty , 

~l2’ 
as a functi on of sc t te re r  heinh: -t o-lang th rati ),g hR., an~ incident angle a. The grc’ui h cor.ductivit v , ;, is 0.12 ,

and the relative permittivity, 
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Figure 3—52. Cou p l i r r coefficient for second self- resonant singularity , 
~)2’

I-
as a furct ion of the c~round p lane re ’ative permittivity , cR~ 

and
incident angle e. The scat ter e r  hei ht- to- length ratio , hR., is
0.20 , erd the co nduct iv it y ,  c , is l2( .0

I

t S — p

I 
•

S 

—-- - 

.

- ~~~~~ — - S  -s- -



I
I 98

I
ci

I ~~~~

S 

/
/

I 
~~~~~ ~~~~~~~~~~~~~~~~~~~~

1 0 .00 15.00 30.00 05 . 0 0  6 0 . 0 0  7 5 . 0 0  90 .00
ANGLE OF I N C I D E N C E

Fi gure 3-53. Couplirg coefficient for second se lf - ’esona nt singu larity , 
~l2’

I as a function of the ground plane relative permitt ivity , C R, and
incident angle e. The scatterer heiq ft-to-length ratio. h/i , is
0.20 , and the conduct iv i ty , ~~~, is 0.I- 
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Fi gure 3—54. Coup linc ~ coefficient for second self--reson ~~t sin gular ity , ‘ 12’
as a function of the ground p lane re at i -~-- e per rn i t t i v i tv , C R, and
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Figure 3-55. Coupl i ng coef f ic ient  for second sel f - resonant  s in ru la r i t v ,
as a fun:tion of the grn- ;n d plane relat ive pc-rn itt ivit ~’, and
incident aro le a. The s c a t t e rs - c  hoi ;ht-:c-len;th r a t i o , h/ c , is
0.40 , an~ the conduct iv i ty , :, is 12~.0
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F i g u r e  3-56. Coup li cg coeff icient fo r sec o nd sei0 - res:’-a nt s i rgu l i - ity , 
~‘ 1 2’

as a function of th~ ~rourid olane reTative per n ito ivi t ; , c R~ 
and

incident an -ale a. The scatterer hei h t- t o - i e rc t h  ~- nt i o.  n/ ;, i s
0.40 , an d the con d uctiv i t.’, :, is 0.12
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incident an -o le a. The scatterer hei gha -t a-la n o th rat~~ , h/z , is
0.40, -and the conductivity , ;, is 0 .COOl g
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1.7 C an c i us i c l r a

I 

The 30:/uler t cxpena -ron ; - a - t r o d  ( 3 : .  ) oc-e . - &d o: tb r~n ref ~ ac~ i j i

coo l/clan -n ‘n;- :io,ation se0 - a to he an app ryn ieta r- . a ’ . rue It- :- ~n~-

I !1, L a r a  a c i , ndrica~ s:a ttc : ~~ -
‘ over ’ a f i r i t s e i 0’ cnduc ng ~roei~’. - - -ole

1 O O C t O ~: c tea C f . a-tar ./r ~ C ’ i  ct gro ero c.— - to -ac ed Lv ~nV C S N  : C - 5 u-N

I ne- ~z- fa - r O ~o 5-c id -~- rt ” nl to- those c : ic~ ia t - t .t i n  O S -_ is C nOi .Olt ~-Jci t he

-ound ccr 0  0t 1V N7/ n 1CI ’a-. F 1 S O , Y-1CI  o l e  c o o .  of cond 000iviN 5

re~ u c -  ‘ wit  I t~-e raT -a p en- tti. ity  L T d a t  u/to . c~N .o/ated p -:ie

inca t ii a e-;’-oe ci / tho se of 7-c ~H-on 0 :-to o p:’~3’~~ . 7 - - a f~~c Ic ; ad -~

to ~o the :c T Toc / o n  cc tf ioicir h t~~r5 nl~~~e. In cc -o ra l ,  a- is

I fN r- f aS t I! is ::iac naier t of t he sii - ,~ . , t a r i t  Ls fo: the ir f re~ ac e  Oo~ -

01cr is a f - nc t :n c~ d is a c : / n/tf ’  in / e  ~~~~
‘: of plc -a. Tn~ r:ecHn s:

fCI r- d i sc o  t n / t v  is cccii t o -  be a: . . . . - t 1 n:.;:et -r ~~3l . ~HJo O-?Cco -

co rrec-~ -a r -d~ to f rst i ce - : -  e i e ~ o lan ic i ~ s eS-n : litHe -a- n no depe’0eno-~

on the a-a a. icte’s 0C the pr/i -

I Ca-ph ig coo f f ic iont s  con - - : 5 : 0  - ding . , tH f i rs t  three f-on/a nSa

I 
m ac na - ore s  o .’ ao  bee n pi - L o r t ef  a:. a f : o nc t  ~ cn c-f the parc :ete:-s / the

thin 0: re—ln s ;/ cr-o - 0  r Hale::. F r - ’ t o  c... a S~~ ( S 5 - S  tea gr -ound pla n e is

( 
ne a r ly  cr -f cc Lo co nJuct in l ; the “St a-J I:S ~:- v e  a rc lcçy ” as discuss:d ii

the no.:.~i - c  1 res u F t s sect i o n pred icts , r ~1ri~ i :el ’ acc unat-H~’, t h e  are e

of in c id a -c ch ’ic h ra -u l ts 1 000 i : j ; n  n c- p1 inn tc. 50-a a c a t t N~or. Al tOuI~~~.- h

the “star di g i-i -COO urcioqy ” is o h. ious iy n t  cunpiete iy riqorous. tI C
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point o f  vici’ ; tak e :  her- ic t a t  the ph3-/c i l  ir.ai ~ ht prn-~i0- _ d L
~’ t h i S

arc its or : a-co t a-a-or--:: in pr:a-c :nn ~ oz: o ,ro:i cc- -~~p - l i”: a-c

s u- f i c ie n t  t o  c o - a; n o ta te  for the ic- H . of .j CLLU - :t i ca  rH-o r .

The e rca t e s t  v a l ue  Or this - : - ‘k lies i’ t - ftct Ha a a ne ~ Hal ’

I cc ah ic aha d  p e a / c - c  has been sol o -f .-.ithi i aca -- a-e ble e r -a i ~~~el r1 2

ra- ~ ’ o- aer t o- ,- c d e  r ’Cri -: C N ~ :. ‘ 0 .  3 .
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